The level density and γ-ray strength function of 45 Ti have been determined by use of the Oslo method. The particle-γ coincidences from the 46 Ti(p, dγ) 45 Ti pick-up reaction with 32 MeV protons are utilized to obtain γ-ray spectra as function of excitation energy. The extracted level density and strength function are compared with models, which are found to describe these quantities satisfactorily. The data do not reveal any single-particle energy gaps of the underlying doubly magic 40 Ca core, probably due to the strong quadruple deformation.
I. INTRODUCTION
The density of nuclear levels in quasi-continuum provides information on the gross structure of excited nuclei and is a basic quantity in nuclear reaction theories. Also the γ-ray strength function is important for describing the γ-decay process at high excitation energies. Experimentally, the nuclear level density can be determined reliably up to a few MeV of excitation energy from the counting of low-lying discrete known levels [1] . Previously, the experimental information on the γ-ray strength function has been mainly obtained from the study of photonuclear cross-sections [2] .
The Oslo nuclear physics group has developed a method to determine simultaneously level densities and γ-ray strength functions from particle-γ coincidences. The "Oslo method", which is applicable for excitation energies below the particle separation threshold, is described in detail in Ref. [3] . In this work, we report for the first time on results obtained using the (p, d) reaction as input for the Oslo method. The advantage of this reaction compared to the commonly used ( 3 He, 3 He') and ( 3 He, 4 He) reactions, is a higher cross-section and a better particle energy resolution.
The subject of this paper is to present the level density and average electromagnetic properties of the 45 Ti nucleus. The system has only two protons and three neutrons outside the doubly magic 40 Ca core. It is therefore of great interest to see if the number of levels per MeV is quenched due to the low number of interplaying valence nucleons. Also the decay pattern may be influenced by the expected overrepresentation of negative parity states, originating from the π f 7/2 and ν f 7/2 single-particle states.
In Sect. II, the experimental set-up and data analysis are described. Nuclear level densities and thermodynamics are discussed in Sect. III, and in Sect. IV, the γ-ray strength function is compared with models and photonuclear cross-section data. Summary and conclusions are given in Sect. V.
II. EXPERIMENTAL SETUP AND DATA ANALYSIS
The experiment was conducted at the Oslo Cyclotron Laboratory (OCL) using a 32-MeV proton beam impinging on a self-supporting target of 46 Ti. The target was enriched to 86% 46 Ti (10.6% 48 Ti, 1.6% 47 Ti, 1.0% 50 Ti, and 0.8% 44 Ti) and had a thickness of 1.8 mg/cm 2 . The transfer reaction, 46 Ti(p,dγ) 45 Ti, is analyzed in the present study. The deuterium ejectile is used to identify the reaction channel.
Particle-γ coincidences were measured with the CACTUS multi-detector array [4] . The coincidence set-up consisted of eight collimated ∆E -E type Si particle telescopes, placed at 5 cm from the target and making an angle of 45 • with the beam line. The particle telescopes were surrounded by 28 5 " × 5 " NaI γ-ray detectors, which have a total efficiency of ∼ 15.2% for the 1332-keV γ-ray transitions in 60 Co.
The experimental extraction procedure and the assumptions made are described in Ref. [3] . The registered deuterium ejectile energy is transformed into the initial excitation energy of the residual nucleus through reaction kinematics and the known reaction Q-value. The excited residual nucleus produced in the reaction will subsequently decay by emission of one or more γ-rays, provided that the excitation energy is not much above the particle separation energy. Thus, a γ-ray spectrum can be recorded for each initial excitation energy bin E. In the analysis, the γ-ray spectra are corrected for the NaI detector response function by applying the unfolding technique of Ref. [5] . The unfolding uses the Compton-subtraction method, which prevents additional count fluctuations from appearing in the unfolded spectrum.
The set of these unfolded γ-ray spectra, which are organized into a (E, E γ ) matrix, forms the basis for the extraction of the first-generation γ-ray spectra. Here, the energy distribution of the first (primary) emitted γ-rays in the γ-cascades at various excitation energies is isolated by an iterative subtraction technique [6] . The main assumption made for the first-generation method is that the γ-ray spectrum from a bin of excited states is independent of the population mechanism of these states. In the present setting, this means that the γ-spectrum obtained from a direct (p, d) reaction into states at excitation energy bin E is similar to the one obtained if the states at E are populated from the γ-decay of higher-lying states.
According to the generalized Fermi's golden rule the decay probability can be factorized into a function depending on the transition matrix-element between the initial and final state, and the state density at the final states. Following this factorization, we can express the normalized primary γ-ray matrix P(E, E γ ), which describes the γ-decay probability from the initial excitation energy E, as the product of the γ-ray transmission coefficient T (E γ ) and the level density ρ(E − E γ ),
Here, T (E γ ) is assumed to be temperature (or excitation energy) independent according to the Brink-Axel hypothesis [7, 8] .
The functions ρ and T are determined in an iterative procedure [3] by adjusting the functions until a global χ 2 minimum with the experimental P(E, E γ ) matrix is reached. It has been shown [3] that if one of the solutions for ρ and T is known, then the entries of the matrix P(E, E γ ) in Eq. (1) are invariant under the transformations:
The parameters A, B and α are unknown and can be obtained by normalizing our data to other experimental data or systematics. The determination of A and α is discussed in the next section, and the parameter B is discussed in Sect. IV.
III. NUCLEAR LEVEL DENSITY AND THERMODYNAMICS
The level density ρ extracted from our coincidence data by use of Eq. (1) represents only its functional form and is not normalized. The transformation generators A and α of Eq. (2), which give the absolute value and slope of the level density, can be determined by normalizing ρ(E) to the discrete levels at low excitation energies [1] and to the level density determined from available resonance spacing data of nucleon capture experiments. Unfortunately, the neutron-resonance spacing data for the target nucleus 44 Ti are not found in literature ( 44 Ti has a half life of 67 years). We therefore use the systematics of T. von Egidy and D. Bucurescu [9] , which is based on a global fitting of known neutron resonance spacing data with the back-shifted Fermi gas (BSFG) formula:
where a is the level density parameter and U = E − E 1 is the intrinsic excitation energy, E 1 being the back-shifted energy parameter. The spin distribution is given by the spin cut-off parameter σ with
where A is the nuclear mass number. The level-density parameters are summarized in Table I . In Fig. 1 nuclear level densities deduced from the neutron resonance spacing data [10] of odd and even titanium nuclei are compared with BSFG level densities obtained from systematics [9] . The systematic values ρ(S n ) for the titanium isotopes overestimate the experimental values determined from resonance spacing data [10] . Thus, the systematic values from Eq. (4) are multiplied with a factor of η = 0.5 to improve the agreement with the experimental values. In this way (see Fig. 1 ), the unknown level density of 45 Ti can be estimated as ρ(S n ) ∼ 1400 ± 700 MeV −1 . The high uncertainty for the deduced ρ(S n ) in 45 Ti is chosen so that it corresponds to the combined deviation of the systematics from the experimental data. Figure 2 shows our normalized level density for 45 Ti, which is adjusted in A and α to fit the discrete levels at low excitation energy and the estimated ρ(S n ).
The slope (given by α) of the measured level density has a large uncertainty because of the estimated level density at S n , the upper anchor point of the normalization. Various ways of analyzing the global set of neutron resonance spacing data may result in ρ(S n ) values differing by a factor of two. Additionally, the uncertainty of the slope of the normalized level density is also affected if one chooses different excitation energy intervals during normalization. However, we have chosen an interval as high in excitation energy as possible with respect to reasonable errors in the data points. By choosing an interval 1 MeV lower, a decrease of ∼35% in ρ around 7 MeV is obtained. The normalization around 2 MeV of excitation energy is settled by known levels. It has been observed in many analyzed nuclei like Sc, V, Fe, and Mo [11, 12, 13, 14] that level densities of neighboring isotopes show a comparable excitation energy dependence. So, in order to be more confident with our level-density normalization, the experimental data of 47 Ti [15] are compared with our data of 45 Ti, as shown in Fig. 2 . The level density in 47 Ti is determined using protonevaporation spectra from the 45 Sc( 3 He,p) 47 Ti reaction. The good agreement between the slopes for 45 Ti and 47 Ti in the energy region of 4 -8 MeV gives confidence to the present normalization.
The level density obtained from the present experiment agrees well with the density of known discrete levels up to E ∼ 2 − 3 MeV. At higher excitation energies, only a part of the levels are known, mainly from transfer reactions. Our experimental data points only reach up to an excitation energy of E ∼ S n − 1 MeV due to methodological difficulties regarding the first generation γ-ray extraction procedure. The gap between our data points and ρ(S n ) is interpolated by the BSFG model
where the constant η ensures that the BSFG level density crosses the estimated ρ(S n ) at the neutron separation energy. As shown in Fig. 2 the BSFG level density in the extrapolated region only describes the general increase in level density and not the fine structures as described by our data. The level density of 45 Ti shows pronounced step structures below E ∼ 6 − 7 MeV. These structures probably correspond to the amount of energy needed to cross shell gaps and to break Cooper pairs [16] . The gap energies are around 2 -3 MeV, which is similar to the energy (2∆) required for breaking Cooper pairs. Thus it is very difficult to foresee the leveldensity fine structure in this case.
From the measurements of level density as a function of excitation energy, one can explore thermodynamic properties of the nucleus. The starting point is the entropy of the system, from which one may deduce temperature, heat capacity and single particle entropy. The multiplicity of states Ω s , the number of physically accessible microstates, is related to the level density and average spin J(E) by
The 2J + 1 degeneracy of magnetic sub-states is not included, since little experimental information about spin distribution is available. Thus the experimentally measured level density of this work does not correspond to the true multiplicity of states, and we use multiplicity Ω l based on the experimental level density as:
For the present analysis, the microcanonical ensemble has been used since hot nuclei are better described statistically through such an ensemble [17] . Within this framework, the nucleus is considered to be an isolated system with a welldefined energy. According to our definition of Eq. (8) the multiplicity of microstates Ω l (E), which is obtained from the experimental level density ρ(E), we define a "pseudo" entropy as:
where Boltzmann's constant k B is set to unity for the sake of simplicity. The normalization term S 0 is adjusted to fulfill the third law of thermodynamics, i.e., S → 0 for T → 0, T being the temperature of the nucleus. Using the ground state band of the even-even 44 Ti, the normalization term is found to be S 0 = −0.1. Furthermore, the microcanonical temperature T can be deduced from S by Figure 3 shows the variation of entropy and temperature for 45 Ti, within a microcanonical ensemble. The variations in entropy on a linear scale with the excitation energy are equivalent to the variations in the level density on a logarithmic scale. Generally, the most efficient way to generate additional states in an atomic nucleus is to break a nucleon Cooper pair from its core. The resulting two nucleons may thereby be thermally excited independently to the available single-particle levels around the Fermi surface. The entropy curve displays step like structures around 2 and 4 MeV excitation energies that can be interpreted as the breaking of one and two nucleon pairs, respectively.
From Fig. 3 the temperature fluctuations are seen to be more pronounced than for the entropy. This is because the fine structure of the entropy curve is enhanced in the temperature T curve due to the differentiation. In spite of these fluctuations one can determine directly from the entropy an average temperature T for 1.5 < E < 7.0 MeV excitation energy region, as shown by a straight line in the Fig. 3 giving 1.4 (1) MeV. The enhanced bump structures in the temperature spectra can be interpreted as the breaking of nucleon pairs. When particle pairs are broken, new degrees of freedom open up leading to an increase of ρ(E) and decrease in temperature T (E). In the temperature plot of Fig. 3 one can notice locations of negative slopes. The first such location appears at E ∼ 2.0 MeV which should be compared with twice the proton pairing gap parameter 2∆ p of 45 Ti, the minimum required energy to break a proton Cooper pair. Following the definition of [18] one gets 2∆ p = 1.784 MeV, which is comparable to the location of the first temperature drop. The second location of a temperature drop occurs around ∼ 4.2 MeV which can be interpreted as the onset of the four quasi-particle regime.
The experimental level density of 45 Ti is compared with the BSFG level density as shown by Fig. 2 . The figure shows that the BSFG model level density does not reproduce the detailed structures in the experimental level density. So, in order to investigate the level density further, a microscopic model has been applied.
A. Combinatorial BCS Model of Nilsson Orbitals
The model [11] is based on combining all the proton and neutron configurations within the Nilsson level scheme and using the concept of Bardeen-Cooper-Schrieffer (BCS) quasiparticles [16] . The single-particle energies e sp are taken from the Nilsson model for an axially deformed core, where the deformation is described by the quadruple deformation parameter ε 2 . The quasi-particle excitation energies are described
where Ω π and Ω ν are the spin projections of protons and neutrons on to the symmetry axis, respectively, and V is the residual interaction described by a Gaussian random distribution. The single quasi-particle energy e qp , characterized by the Fermi level λ and pair-gap parameter ∆, is defined as:
The total excitation energy is the sum of the quasi-particle energy E qp (Ω π , Ω ν ), rotational excitations and vibrational excitations:
The rotational excitations are described by the rotational parameter A rot =h/2I , with the moment of inertia I and the rotational quantum number R. The vibrational excitations are described by the phonon number ν = 0, 1, 2, . . . and oscillator quantum energyhω vib . At low excitation energy, the rotational parameter A rot is for simplicity taken as the value deduced around the ground state A gs of even-even nuclei in this mass region. For increasing excitation energy, the rotational parameter is decreased linearly according to
where we assume A rot = A rigid for excitation energies above the excitation energy E rigid . Since theoretical approaches seem to predict rigid body moments of inertia at the neutron separation energy, we set E rigid = S n . The rigid body value is calculated as
where M is the nuclear mass and R A is the nuclear radius. The spin (I) of each state is schematically calculated from the rotational quantum number (R) and the total projection (K) of the spin vector on the nuclear symmetry axis by
The quantity K is the sum of spin projections of protons and neutrons on the symmetry axis:
The Nilsson single-particle orbitals calculated for 45 Ti are drawn in Fig. 4 . The spin-orbit parameter κ = 0.066 and the centrifugal parameter µ = 0.32 are taken from Ref. [19] . The main harmonic oscillator quantum energy is estimated bȳ hω 0 = 1.2(41A −1/3 ) MeV. The vibrational quantum energȳ hω vib = 2.611 MeV is taken from the excitation energy of the first 0 + vibrational state in 46 Ti. The Fermi levels for protons and neutrons are also shown in Fig. 4 for an estimated deformation of ε 2 = 0.25. Other parameters employed to calculate the level density of 45 Ti are listed in Table II . Figure 5 shows that the calculated level density for 45 Ti describes satisfactorily the experimental level density. The general shape and the structural details of the level density are well reproduced. In Fig. 5 is also shown the calculated level density smoothed with the experimental resolution i.e., 300 keV. The smoothed curve agrees well with the experimental data points in absolute values, however, structural details are not accurately reproduced. Keeping in mind the simplicity of the model these results are very encouraging. The structures in the level density can be understood from Fig. 6 where the average number of broken nucleon pairs N qp is plotted as a function of excitation energy. Here, the average number of pairs includes both proton and neutron pair breaking. Figure 6 shows that the first pair breaks at 2∆ ∼ 2.5 MeV of excitation energy. The pair breaking process leads to an exponential increase of the level density, and it is also responsible for an overall increase in the level density at higher excitation energies. Rotational and vibrational excitations are less important. Even the shell gaps expected at Z = N = 20 seem not to play a major role, probably because the gap between the f 7/2 and d 3/2 orbitals is reduced by the nuclear quadruple deformation. Indeed, Fig. 4 shows that the single-particle Nilsson orbitals are distributed rather uniformly in energy at ε 2 = 0.25.
The spin distribution of our model can be compared with the Gilbert and Cameron spin distribution [20] :
with the spin cut-off parameter σ taken from Eq. (5). The two spin distributions (normalized to unity) are shown in Fig. 7 . The same parameters of a and E 1 are used for the determination of σ , as those in the level density normalization. The comparison is made at four different excitation energy bins each having a width of 0.24 MeV. The general trend in the two distributions is surprisingly similar; however, some deviations are also apparent. This is mainly due to fluctuations originating from the low level density in this nucleus. The moment of inertia of 45 Ti is chosen to approach a rigid rotor at energies near and above S n , which has been found appropriate theoretically in the medium mass region nuclei A ∼ 50 − 70 [21] . The satisfactory resemblance of the two spin distributions indicates that our simplified treatment of determining the spin of levels through Eqs. (16) and (17) works well.
The parity distribution is a quantity that also reveals the presence (or absence) of shell gaps. In the extreme case, where only the π f 7/2 and ν f 7/2 shells would be occupied by the valence nucleons, only negative parity states would appear. The parity asymmetry parameter α can be utilized to display the parity distribution in quasi-continuum and is defined by [22] 
where ρ + and ρ − are the positive and negative parity level densities. An equal parity distribution would give ρ + = ρ − , and thus α = 0. Other α values range from -1 to +1, i.e., from more negative parity states to more positive parity states. Figure 8 shows that there are more negative parity states (α < 0) below 4 MeV, while at higher excitation energies where hole states in the sd shell comes into play, the asymmetry is damped out giving an equal parity distribution. Thus, the parity calculations also confirm the absence of pronounced shell gaps in 45 Ti.
IV. GAMMA-RAY STRENGTH FUNCTION
The γ-ray strength function can be defined as the distribution of the average decay probability as a function of γ-ray energy between levels in the quasi-continuum. The γ-ray strength function f XL , where X is the electromagnetic character and L is the multipolarity, is related to the γ-ray transmission coefficient T XL (E γ ) for multipole transitions of type XL by
According to the Weisskopf estimate [23] , we assume that electric dipole E1 and magnetic dipole M1 transitions are dominant in a statistical nuclear decay. It is also assumed that the numbers of accessible positive and negative parity states are equal, i.e.,
The expression for the average total radiative width Γ γ [24] for s-wave neutron resonances with spin I t ± 1/2 and parity π t at E = S n , reduces to
As mentioned in Sect. II, we extract the level density ρ and transmission coefficient T from the primary γ-ray spectrum. The slope of T is determined by the transformation generator α (see Eq. (3)), which has already been determined during the normalization of ρ in Sect. II. However, the factor B of Eq. (3) that determines the absolute value of the transmission coefficient, remains to be determined. The unknown factor B can be determined using Eq. (22) if Γ γ at S n is known from nucleon capture experiments. Unfortunately, the average total radiative width for 45 Ti has not been measured. Therefore, we have applied Γ γ = 1400(400) meV, which is the value of 47 Ti from Ref. [25] (see Table III ). We deem this to be a reasonable approximation, since the level densities of odd-A isotopes 47, 49 Ti are comparable at S n (see Fig. 1 ). In addition, 45, 47 Ti are not closed shell nuclei, so that abrupt changes in the nuclear structure are not expected. Therefore, similar decay properties at S n might be a valid assumption.
From our calculation in Fig. 8 it is obvious that the assumption of equal parity, as described by Eq. (21), does not hold below 4 MeV of excitation energy. This means that more M1 transitions are expected for γ-decays from S n = 9.53 MeV to levels below 4 MeV than above 4 MeV where E1 transitions are prominent. Thus, it should be pointed out that in the evaluation of B this enhanced M1 transitions over E1-transitions below 4 MeV might affect the absolute normalization of the γ-ray strength function.
The resulting normalized γ-ray strength function of 45 Ti is shown in Fig. 9 . In the same figure the experimental data of 45 Ti and the Generalized Lorentzian Model (GLO) [10] are compared. The model is used to describe the giant electric dipole resonance (GEDR) at low γ energies and at resonance energies. In the lower energy region this model gives a nonzero finite value of the dipole strength function in the limit of E γ → 0. The GLO model as proposed by Kopecky and Chrien [26] , describes the strength function as:
where σ E1 , Γ E1 and E E1 are the cross-section, width and energy of the centroid of the GEDR, respectively. The energy and temperature-dependent width Γ k is given by [27] 
The even-mass titanium isotopes have ground state nuclear deformation [10] indicating that the GEDR resonance contains two components. In Table III the two sets of GEDR parameters for the ground state deformation ε 2 ∼ 0.25 (interpolated between the known neighboring nuclei) are listed using the systematics of Ref. [10] . Furthermore, we assume that the γ-ray strength function is independent of excitation energy, i.e., we use a constant temperature T = 1.4 MeV. This constant temperature approach is adopted in order to be consistent with the Brink-Axel hypothesis in Sect. II, where the transmission coefficient T (E γ ) is assumed to be temperature independent.
The magnetic dipole M1 radiation, supposed to be governed by the giant magnetic dipole (GMDR) spin-flip M1 resonance radiation [28] , is described by a Lorentzian [29] 
where σ M1 , Γ M1 , and E M1 are the GMDR parameters deduced from systematics given in Ref. [10] . The total model γ-ray strength function is given by
where the factor κ is used to scale the model strength function to fit the experimental values. The value of κ is expected to deviate from unity, since only approximate values of the average resonance spacings D and the total average radiative width data Γ have been used for the absolute normalization of the strength function. In order to increase the confidence of our normalization, the strength functions deduced from photoneutron cross-section data [30] of the 46 Ti(γ,n) reaction and from photoproton crosssection data [31] of the 46 Ti(γ,p) reaction are displayed together in Fig. 9 . In order to transform cross-section into γ-ray strength function the following relation [10] is employed:
The data of the two photoabsorption experiments around γ-ray energies E γ = 15 − 26 MeV are shown as filled triangles in Fig. 9 . By assuming that the γ-ray strength function is a weak function of nuclear mass A, we can expect that γ-ray strength functions for neighboring nuclei are comparable. From Fig. 9 , one finds that the increase of the 45 Ti γ-ray strength function with γ-ray energy is well in line with the (γ,n) + (γ,p) data. Note that the 46 Ti(γ,p) cross section below E γ < 15 MeV approaches the particle threshold energies and are less reliable. The shape of the GEDR cross section obtained from the sum of (γ,n) and (γ,p) data [30, 31] clearly shows a splitting of the GEDR into two or more resonances. This splitting is a signature of the ground state deformation of the nucleus, which justifies our treatment of the GEDR, i.e., fitting two distributions using two sets of resonance parameters. Figure 9 shows that the Oslo data are well described by the GLO model in the energy region ∼ 2.5 − 9 MeV. However, at low γ-ray energies (E γ < 2.5 MeV) an enhancement in the γ-ray strength function compared to the GLO model has been observed. This upbend has been observed in several nuclei with mass number A < 100 (see e.g., Ref. [11] and references therein). The physical origin of this enhancement has not been fully understood yet, and no theoretical model accounts for such a behavior of the nucleus at low γ-ray energies.
V. CONCLUSIONS
The level density and γ-ray strength function of 45 Ti have been measured using the 46 Ti(p, d) 45 Ti reaction and the Oslo method. The thermodynamic quantities entropy and temperature of the microcanonical ensemble are extracted from the measured level densities. The average temperature for 45 Ti is found to be 1.4 MeV. The experimental level density is also compared with a combinatorial BCS model using Nilsson orbitals. This model describes satisfactorily the general increase and structural details of the experimental level density.
The generalized Lorentzian model (GLO) has been compared with the experimental γ-ray strength function. The GLO model describes the Oslo data well in the energy region E γ ∼ 2.5−9 MeV. However, at E γ < 2.5 MeV an enhancement in the γ-ray strength function compared to the GLO model has been observed. This is very interesting since a similar γ-decay behavior has been observed in several other light mass nuclei, which is not accounted for yet by present theories. TABLE III: GEDR and GMDR parameters determined using the systematics given in [10] . [10] have been used to deduce ρ(S n ) (filled triangles). The filled circles represent the level densities that have been calculated using Eq. (4). The calculated level densities are multiplied with a factor of 0.5 in order to improve the agreement with level densities deduced from resonance spacing data. The level density of 45 Ti (open circle) is calculated and scaled using the same systematics, assuming an uncertainty of 50%. At low excitation energies the data are normalized (between the arrows) to known discrete levels (solid line). At higher excitation energies, the data are normalized to the BSFG level density (dotted line). The open square is the level density at S n estimated from the systematics of Fig. 1 . Open circles represent data from particle-evaporation spectra [15] . 45 Ti as a function of γ-ray energy. The Oslo data (filled squares) are compared with the GLO model [26] (solid line). In addition, the strength function of 46 Ti obtained from the data of (γ,n) reaction [30] (open circles), (γ,p) reaction [31] (open squares), and their sum (filled triangles) have also been drawn at γ-ray energies above the particle threshold.
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